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I. INTRODUCTION
The measurement of the momentum distribution of annihilating electron-positron pairs is, together with the positron lifetime measurements, the basic method of positron annihilation spectroscopy. 1, 2 The first measurements of the momentum distributions were performed with the angular correlation apparatus using a long-slit geometry. This gives the momentum distribution integrated over two perpendicular directions. The two-dimensional systems enable the measurement of momentum distributions integrated only in one direction. Three-dimensional momentum distributions have also been reconstructed from the results of two-dimensional measurements. 3 The measurement of the line shape of the Doppler-shifted annihilation spectrum also gives a momentum distribution integrated over two dimensions. Along with the experimental activity, electronic-band-structure calculation methods have been used to predict the momentum distributions. 4 One of the key questions in these calculations has been how to incorporate the electron-positron interactions into the theory. 5 In this work we study the effects of the electron-positron interactions in the momentum distributions of annihilating electron-positron pairs. We present a general scheme that can be used in practical calculations devoted to quantitative comparisons between theoretical and experimental momentum distributions. We use a model developed previously to describe the momentum distributions corresponding to the core electrons. 6 In the model the effects due to the enhancement of the electron density at the positron are taken into account by a factor depending on the electron state in the annihilating pair. Now we generalize the model also to the valence electrons and obtain the total momentum distributions. The valence electron states having wave functions with a richness of different features serve as an optimal testing ground for the theoretical approach. Moreover, the results can be compared with high-resolution two-dimensional angular correlation of the annihilation radiation ͑2D-ACAR͒ spectra, which give detailed information also through the anisotropies of the momentum distribution.
The organization of the present paper is as follows. In
Sec. II we review the most important aspects of the calculation of the electron-positron momentum distributions and describe the model used in this work. Section III is devoted to the results: First we compare the theoretical and experimental results for positrons in Cu, mainly in order to test the ability of the theory to describe the amplitude variations as a function of the magnitude of the momentum. Then, in the case of GaAs, we study more carefully the anisotropy of the distribution. In Sec. IV we present the conclusions.
II. THEORY

A. Momentum distribution of annihilating electron-positron pairs
The momentum distribution of annihilating electronpositron pairs can be written as
where p is the total momentum of the annihilating pair, r e the classical electron radius, and c the speed of light. The summation is over all occupied electron states. i ep (r,r) is the two-particle wave function when the positron and electron reside in the same point. i ep (r,r) can be further written by the help of positron and electron single-particle wave functions ϩ (r) and i (r), respectively, and by the socalled enhancement factor ␥ i (r) as 7 i ep ͑r,r͒ϭ ϩ ͑r͒ i ͑r͒ ͱ␥ i ͑r͒.
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The enhancement factor takes into account the electronpositron interactions. If it equals unity one obtains the independent particle model ͑IPM͒.
The enhancement factor is a manifestation of the electronpositron correlations. The enhancement of the electron density at the positron is a crucial ingredient when calculating the total positron annihilation rate, which is the integral of (p) over the momentum p. The shape of the momentum distribution of the annihilating electron-positron pairs is reasonably well described without the electron-positron interac-tions, i.e., within the IPM ͑Ref. 1͒ if only the sp valence electron contribution is considered. However, when one constructs the total momentum distribution, for example, for Cu, the IPM fails to give the correct relative weights for the sp and d valence electron contributions. 8 Many-body calculations for a delocalized positron in a homogeneous electron gas have been used to model the electron-positron correlation. [9] [10] [11] When a positron is immersed in an electron gas the Coulomb attraction produces a cusp in the electron density at the positron site. [9] [10] [11] The cusp determines the enhancement factor and contributes to the positron-electron correlation energy. The results for the homogeneous electron gas can be successfully applied in calculating positron annihilation rates for real solids with inhomogeneous electron densities. 12 Calculations for a positron in a homogeneous electron gas have also been used to estimate the correlation effects in the momentum distributions. Kahana 13 employed a Bethe-Goldstone-type ladder-diagram summation and predicted that the annihilation rate increases when the electron momentum approaches the Fermi momentum p F in metals. This momentum dependence is explained by the fact that the electrons deep inside the Fermi liquid cannot respond as effectively to the positron as those near the Fermi surface. According to the many-body calculations by Daniel and Vosko 14 for the homogeneous electron gas the electron momentum distribution is lowered just below the Fermi level. This Daniel-Vosko effect would oppose the increase of the annihilation rate and the peaking of the electron-positron momentum distribution. In any case, one can define a momentum-dependent enhancement factor
where IPM (p) is the IPM partial annihilation rate. Stachowiak 11 has proposed a phenomenological formula for the momentum dependence in electron gas as
where r s ϭ(3/4n) 1/3 and n is the electron density. According to Stachowiak the result is quite sensitive to the construction of the many-body wave function. Experimentally, the peaking of the momentum density at p F should, in principle, be observable in alkali metals. However, different experiments disagree 8 and, moreover, it may be very difficult unambiguously to extract the valence from the core contribution because of the presence of oxide layers on alkali metal samples. 15 The Bethe-Goldstone equation in the plane-wave representation ͑corresponding to the homogeneous electron gas͒ can be generalized by using Bloch wave functions for a periodic ion lattice. This approach has been reviewed by Sormann. 16 The conclusion is that the state dependence of the enhancement factor is strongly modified by the inhomogeneity and the lattice effects. Therefore, in materials that are not nearly-free-electron-like, the Kahana momentum dependence of ␥(p) is probably completely hidden. However, plane-wave-type expansions are poorly convergent to handle the electron-positron correlation cusp. Choosing more appropriate functions depending on the electron-positron relative distance r 12 may provide more effective tools to deal with the problem.
A widely used method to incorporate many-body effects into the calculation of the momentum density is based on the local-density approximation ͑LDA͒. 5, 7, 17 The simplest LDA enhancement factor in Eq. ͑1͒ depends only on the local electron density at the positron site,
and its effect is similar to that of including the positron wave function 17 in the calculation of the momentum distribution. This enhancement has been used for metals, 17 semiconductors, [18] [19] [20] and also for high-T c oxides. 21 The LDA enhancement factor for metals introduced by Daniuk et al. 7 has also a Kahana-type energy dependence. The LDA enhancement factor can also be improved by including the dependence on the gradient of the electron density, 12 i.e.,
The ensuing method is called the generalized-gradient approximation ͑GGA͒ for the positron annihilation rate. The LDA and its GGA generalization for calculating the momentum density usually improve the agreement with experiments with respect to the IPM results. The GGA gives slightly better results than the LDA. 12 However, both the GGA and the LDA result in spurious oscillations with respect to the experimental data. 5, 6 B. The present method
The purpose of this work is to present a general scheme for calculating ␥ i (r) such that it can be used in practical calculations devoted to quantitative comparisons between theoretical and experimental momentum distributions. First, we note that under the requirements given in Ref. 9 the Bethe-Goldstone equation is equivalent to the Schrödinger equation for the pair wave-function F(r 1 ,r 2 ) describing an electron and a positron interacting via a screened Coulomb potential. 9 The Pluvinage approximation 22 for F(r 1 ,r 2 ) consists in finding two functions G(r 1 ,r 2 ) and f (r 1 ,r 2 ) such that F(r 1 ,r 2 )ϭG(r 1 ,r 2 ) f (r 1 ,r 2 ) and such that the Schrö-dinger equation becomes separable. G(r 1 ,r 2 ) describes the orbital motion of the two particles ignoring each other, and f (r 1 ,r 2 ) describes the correlated motion. The correlated motion depends strongly on the initial electron state i ͑without the presence of the positron͒. Obviously, the localized electron states near the nuclei are less affected by the positron than the sp-type valence orbitals.
We have developed, on the basis of the Pluvinage approximation, a theory for the momentum density of annihilating electron-positron pairs. 6 In practice, it leads to a scheme in which we first determine the momentum density for a given electron state i within the IPM. When calculating the total momentum density this contribution is weighted by
where i is the partial annihilation rate of the electron state i ͑including correlation effects͒ and i IPM is the same quantity in the IPM. This means that a state-dependent enhancement factor ␥ i substitutes ␥ i (r) in Eq. ͑1͒. The partial annihilation rate i is obtained as
where n i (r) is the electron density for the state i. If this theory is applied to the homogeneous electron gas it leads to the same constant enhancement factor to all electron states, i.e., there is no Kahana-type momentum dependence ͓Eq. ͑3͔͒ in the theory. In practice, we calculate ␥(r) using the GGA for the positron annihilation rate. 12 The GGA predicts for various solid systems positron lifetimes ͑inverses of the total annihilation rates͒ in good agreement with the experimental results. 12 Compared to the LDA, the GGA suppresses the electron-positron correlations and reduces especially the partial annihilation rates for the core states.
The theory described gives momentum distributions for the localized core electron states in good agreement with those measured by Doppler broadening techniques. 6, 23 This is true for positrons delocalized in perfect crystal lattices as well as for positrons localized at vacancies in solids. In the previous calculations electron wave functions of free atoms have been used. 6, 23 This is a reasonable approach for localized core states in solids but not for valence-band states. For valence electron states we now calculate the true band structures and use the corresponding wave functions when calculating the momentum distributions. This means that partial annihilation rates and momentum distributions for different k-point states in the first Brillouin zone and for different bands have to be determined. The ensuing first-principles state-dependent treatment of the enhancement effects justifies some phenomenological approaches, [24] [25] [26] in which the correlation factor depends on the electron binding energy.
The partial annihilation rates for different core electron states are relatively small. Their prediction forms already a stringent test bench for the theory describing the overlap of the electron and positron wave functions and the annihilation rate. The previous comparisons 6 with the results of Doppler broadening measurements show that the theory agrees reasonably well both for delocalized and localized positron states. For the core states a simplifying fact is that, in a given system, the core annihilation takes place only with a few core electron states and the atomic wave functions can be used for them. On the other hand, the valence electron states with widely different spatial distributions and with large partial annihilation rates serve an ideal testing ground for a quantitative theory.
The present calculations are much heavier than the previous ones, 6 which are well suited for a fast analysis of highmomentum ͑ϳϾ15ϫ10 Ϫ3 m 0 c, m 0 is the electron mass͒ experimental data arising from Doppler measurements. Compared to the previous work, the present type of calculations will improve remarkably this analysis by avoiding the difficulty that one should be able to distinguish between core and valence states. Moreover, the valence electrons may also contribute at these high momenta. This is now properly taken into account.
III. RESULTS AND DISCUSSION
A. Shape of the momentum distribution
In order to test the present scheme of the state-dependent enhancement factor in the case of valence electrons we have made calculations for the momentum density of annihilating electron-positron pairs in the perfect Cu lattice. For the bulk Cu the IPM calculations give distributions that deviate remarkably from those measured by the 2D-ACAR. 27, 28 The deviation indicates that for the d electrons the enhancement is smaller than for the sp conduction electrons. In more detail, it has been noted that for the 3d electrons in Ni and Cu, a constant enhancement factor is not adequate, but an enhancement factor depending on the electron state within the d band gives already a fairly good description. 24 ,25 Jarlborg and Singh 17 gave for this notion the following explanation. For a filled band the antibonding states near the top of the band are more localized around the nuclei than the bonding states near the bottom of the band. For states residing more in the interstitial region ͑with a lower electron density͒ the electron-positron correlation effects are stronger than for states localized closer to the nuclei. This model is in good agreement with the experimental analyses of Refs. 24 and 25. Below we illustrate that the interplay between the bonding and antibonding states and the enhancement factor is valid also in our present model, although the hybridization of bands makes the dependencies diffuse.
To perform a complete study we have considered the actual Bloch states in Cu with a mixed sp and d character. First, the self-consistent electronic structure is obtained with the linear-muffin-tin-orbital ͑LMTO͒ method within the atomic-spheres approximation ͑ASA͒. 29 The valence wave functions are computed for the six valence bands at 505 k points within the first irreducible Brillouin zone. The core wave functions are solved also self-consistently, i.e., without the frozen-core approximation. Then, the momentum distribution for every Bloch state is calculated within the IPM using the LMTO-ASA method including the corrections to the overlapping spheres. 30 The valence and core contributions are multiplied by the state-dependent enhancement factors ͓Eq. ͑7͔͒ calculated using the GGA partial annihilation rates ͓Eqs. ͑6͒ and ͑8͔͒. Finally all the contributions are summed up. Figure 1͑a͒ shows the Cu energy bands along the ⌫-X direction in the first Brillouin zone and the corresponding behavior of the state-dependent enhancement. Only the bands that contribute to the momentum density within the first Brillouin zone are shown. The corresponding enhancement factors calculated within the GGA ͓Eq. ͑8͔͒ are given in Fig. 1͑b͒ . Near the ⌫ point the enhancement for the d-type band ͑dashed line͒ is smaller than for the sp-type ͑solid line͒ band. When moving towards to the zone boundary, the hybridization of the bands increases the interstitial character of the d-type band and the corresponding enhancement factor increases. The opposite is true for the band which is sp-like near the ⌫ point. The results shown in Fig. 1͑b͒ are in a qualitative agreement with those calculated by Sormann 16 with the exception that he does not obtain for the d-type band the strong decrease near the ⌫ point.
In Fig. 2 we show the ͑state-dependent͒ enhancements for all the calculated valence states of Cu as a function of en-ergy. Because more states are shown than in Fig. 1 the minimum enhancement is slightly lower than that in Fig. 1 . At low energies where the states have mainly s character the enhancement is large and fairly constant. In the intermediate energy region where the d character of the states is strong the enhancement factors show a clear, rapidly decreasing trend with increasing energy. This trend reflects the localization of the states closer to the nuclei when the character of the states changes from bonding to antibonding. Due to the hybridization the s character and the ensuing delocalization tendency of the states increase close to the Fermi energy. This is seen as the increase of the enhancement values. The horizontal lines in Fig. 2 correspond to the enhancement factors calculated within the atomic superposition method. 31 In this method atomic electron densities ͑e.g., for 3d and 4s states͒ are used and therefore the enhancement factors are averages over the actual valence states. It can be seen that the enhancement factor for the atomic 4s state agrees well with the largest enhancement factors for the valence states, whereas the enhancement factor for the atomic 3d state seems to be close to the center of mass of the enhancement factors for all the valence states.
The 2D-ACAR maps (p x ,p y ) are obtained from the momentum distributions (p) by integrating in a given (z) direction, ͑ p x ,p y ͒ϭ ͵ ͑p͒dp z .
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2D-ACAR maps calculated with different models are compared with the experimental map in Fig. 3 . The LDA scheme of Eq. ͑5͒ gives qualitatively similar but in comparison with experiment slightly worse results than the GGA scheme of Eq. ͑6͒. Therefore the LDA results are not shown in Fig. 3 . All the distributions are normalized to the same volume and integrated in the ͓111͔ direction of the fcc lattice. The core contributions are added in the theoretical results by using core wave functions which are self-consistent in the solid environment. The cuts of the two-dimensional maps along the ͓110͔ direction are given. The other directions give similar results. Comparing the curves obtained in the present state-dependent enhancement scheme and in the GGA scheme of Eq. ͑6͒ with the IPM result we see that the effect of the correlation is to localize the annihilation in the momentum space. In the GGA scheme of Eq. ͑6͒ this effect is due to the modification, ϩ (r) (IPM) → ϩ (r)ͱ␥ GGA (r) ͑GGA͒, increasing the weight of the electron states residing mainly in the interstitial regions and having a low momenta. In the present scheme the weight ͱ␥ i for the electron-positron pair-wave function is larger when the interstitial character of the electron wave function is stronger. The GGA-position-dependent enhancement factor ͱ␥ GGA (r) narrows the integrand in Eq. ͑1͒ ͑especially for the valence states residing in the interstitial region͒. Therefore the momentum distributions obtained in this scheme are broader than those obtained in the new scheme.
One can see in Fig. 3 that the GGA result oscillates with respect to the experimental data. Moreover, the GGA scheme of Eq. ͑6͒ gives a distribution broader than the experimental one. This feature is hard to accept because the finite resolution (ϳ0.8ϫ10
Ϫ3 m 0 c) has broadened the experimental distribution but is absent in the theoretical curves. The spurious oscillations are absent if the present scheme of the statedependent enhancement is used. Moreover, the calculated distribution is shallower than the experimental one. Therefore the present scheme gives the best agreement with experiment.
Calculated one-dimensional momentum distributions can be compared with the Doppler spectra of the annihilating electron-positron pairs. In that case one has to integrate the momentum distribution (p) over two dimensions in order to obtain a one-dimensional dependence (p z ) and convolute it with a Gaussian with FWHMϭ6.25ϫ10 Ϫ3 m 0 c describing the experimental resolution. The theoretical momentum spectrum obtained in this way for Cu is compared with the experimental one 6 in Fig. 4 . In this comparison p z is along the ͓111͔ direction. The shapes of the theoretical and experimental distributions are in good agreement. Compared to the experiment, the calculation, 6 in which atomic 3d wave functions are used as core electron states, gives up to a factor of 2 too large a magnitude for the momentum distribution at momenta ϳ15-40ϫ10 Ϫ3 m 0 c. The use of the solid d band states instead of the atomic states in these calculations does not change the distribution remarkably. Thus, it is important that the state dependence of the enhancement factor leads for the d-type states to a decreasing enhancement as a function of energy or the momentum of the state. However, the theoretical curve is at momenta Ͼϳ18ϫ10 Ϫ3 m 0 c slightly above the experimental points. This may indicate that the partial annihilation rates calculated with the GGA for the d-type bands are still too large.
B. Anisotropy of the momentum distribution
In order to study how well the present scheme describes the anisotropies in the momentum distributions at low momenta we have performed calculations for the III-V compound semiconductor GaAs. In this calculation the valence electron structure is obtained by using norm-conserving nonlocal pseudopotentials 32 and plane-wave expansions for the pseudovalence wave functions. The LMTO-ASA method would require in the case of GaAs the use of empty spheres centered around interstitial sites. The empty spheres cause difficulties in calculating the momentum distributions 33 and therefore we prefer to use the pseudopotential plane-wave method. The energy cutoff for the plane-wave expansions is 15 Ry. Electron states have been calculated for k points in a simple cubic mesh with a step of 0.147 a.u. ϭ1.07ϫ10 Ϫ3 m 0 c in the ͓100͔ direction. The positron potential is constructed using the self-consistent pseudovalence electron density, the core electron densities of free atoms, and point like nuclear charges. 19 The positron wave function is solved in the real space. 34 The partial annihilation rates for the core states, including the Ga and As 3d bands, are calculated using the GGA ͓Eqs. ͑6͒ and ͑8͔͒ and employing the LMTO-ASA method. 6 The partial annihilation rates for the valence states are calculated indirectly 35 within the GGA. The 2D-ACAR map calculated with the present statedependent enhancement scheme is compared with the experimental one in Fig. 5 . The momentum distributions are integrated in the ͓110͔ direction and normalized to the same value at the zero momentum. The normalization to the same volume cannot be used because the experimental 2D-ACAR data for GaAs is not accurate enough at momenta above ϳ10ϫ10 Ϫ3 m 0 c. However, Fig. 5 shows that the agreement between theory and experiment is quite good at momenta below ϳ10ϫ10
Ϫ3 m 0 c. The theoretical distribution is FIG. 4 . Positron annihilation probability density P( p z ) for Cu with p z along the ͓111͔ direction. The experimental data ͑Ref. 6͒ ͑circles͒ and the theoretical result ͑solid line͒ obtained with the present state-dependent enhancement scheme are shown. The theoretical result is decomposed into the valence (sd) and to core contributions. The theoretical curves are convoluted with a Gaussian in order to mimic the finite experimental resolution.
FIG. 5.
Experimental ͑a͒ and theoretical ͑b͒ 2D-ACAR spectra for the perfect bulk GaAs lattice. The momentum distributions are integrated in the ͓110͔ direction and normalized to the same value at zero momentum. The contour spacing is one tenth of the maximum value.
slightly narrower than the experimental one. In the ͓110͔ direction at momenta slightly less than 5ϫ10 Ϫ3 m 0 c the present scheme gives a plateau or a ''shoulder'' that is wider than that in the experimental data. The convolution of the theoretical curve with a Gaussian presenting the experimental resolution (ϳ0.8ϫ10 Ϫ3 m 0 c) would smoothen the theoretical features.
Due to the above-discussed experimental difficulties at momenta above ϳ10ϫ10 Ϫ3 m 0 c we cannot compare magnitudes of the momentum distributions. However, in Fig. 6 we study the anisotropy of the momentum distribution by showing the differences between the cuts along the ͓110͔ and ͓001͔ directions. Relative to the IPM result, the inclusion of the correlation effects increases the magnitude of the anisotropy at small momenta, 2 -5ϫ10 Ϫ3 m 0 c, and improves the agreement with experiment. The ''shoulder'' seen in the ͓110͔ direction in Fig. 5 is reflected as a pronounced maximum in the anisotropy. At momenta above 6ϫ10 Ϫ3 m 0 c the present scheme reproduces quite faithfully the experimental points whereas the IPM and the GGA scheme of Eq. ͑6͒ give too large an anisotropy. For all momenta the curve corresponding to the GGA scheme of Eq. ͑6͒ is below those of the other theories. On the basis of Fig. 6 , the use of the present state-dependent enhancement factor gives a clearly better agreement with experiment than the IPM or the GGA scheme of Eq. ͑6͒.
IV. CONCLUSIONS
We have introduced in the electron-positron momentum density calculations a parameter-free correlation scheme with state-dependent correction terms. The momentum distributions calculated agree rather well with the measured ones. This indicates that the form of the state dependence is adequate to account for most of the variations in the enhancement factor also as a function of the momentum of the annihilating electron-positron pairs. An explicit Kahana-type momentum-dependent enhancement factor is, according to these studies at least for Cu and GaAs, less important. For alkali metals this question remains still open. The present scheme is computationally tractable and can bring important results on electron-positron correlation effects in condensed matter. The knowledge of these effects is crucial for a proper interpretation of experimental spectra.
